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Abstract. This paper considers diversi¯ed portfolios in a
sequence of jump di®usion market models. Conditions for
the approximation of the growth optimal portfolio (GOP) by
diversi¯ed portfolios are provided. Under realistic assumptions,
it is shown that diversi¯ed portfolios approximate the GOP
without requiring any major model speci¯cations. This provides
a basis for systematic use of diversi¯ed stock indices as proxies
for the GOP in derivative pricing, risk management and portfolio
optimization.
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The aim of this paper is to derive a convergence result for sequences of diversi¯ed
portfolios (DPs). DPs are self-¯nancing portfolios, where the proportion of the
value of the holding in any individual security, relative to the total portfolio value,
converges su±ciently quickly to zero as the number of securities increases.
In Markowitz (1959) the mean-variance approach was introduced. This led to
the Capital Asset Pricing Model (CAPM), which is based on the market portfo-
lio and represents a mean-variance, one-period equilibrium model of exchange,
see Sharpe (1964). This model has been highly in°uential for a range of ¯nancial
modeling applications. The market portfolio can be viewed as a DP that is driven
by a large number of sources of uncertainty. In Merton (1973) the intertempo-
ral CAPM was developed from the portfolio selection behavior of investors who
maximize equilibrium expected utility. Here the market portfolio appears again
as a core building block. A practical problem for the quantitative application of
the CAPM and its generalizations arises from the fact that the market portfolio
is di±cult to specify and therefore its dynamics are not easily modeled. A ro-
bustness property in the context of a sound theoretical framework, enabling the
reliable identi¯cation of the dynamics of the market portfolio, is thus of major
importance to the area of capital asset pricing.
Of particular signi¯cance to derivative pricing has been the arbitrage pricing
theory (APT) proposed in Ross (1976) and further developed in an extensive lit-
erature that includes Harrison & Kreps (1979), Harrison & Pliska (1981), FÄ ollmer
& Sondermann (1986), FÄ ollmer & Schweizer (1991), Delbaen & Schachermayer
(1994, 1998), Karatzas & Shreve (1998) and references therein. Under the APT,
some authors use the state price density or de°ator for the modeling of asset
price dynamics, see, for instance, Constatinides (1992), Du±e (1996) or Rogers
(1997). The state price density is the inverse of the discounted numeraire port-
folio, which was introduced in Long (1990) and, in practice, can be interpreted
as a DP. By using the numeraire portfolio as reference unit or benchmark, one
is able to express benchmarked derivative prices as expectations of benchmarked
contingent claims, under the real world probability measure. This is consistent
with the APT when an equivalent risk neutral martingale measure exists. In
Platen (2002) the benchmark approach, which also covers models where such an
equivalent martingale measure does not exist, was established.
Regulations require that advanced Value at Risk (VaR) calculations need to
use internal models, which separate general and speci¯c market risks, see Basle
(1995). The latter correspond to the uncertain moves of individual securities,
which are di®erent from moves of the market as a whole. The moves of the entire
market are well represented by a benchmark re°ecting general market risk. Reg-
ulatory requirements enforce the modeling and measurement of general market
risk using a broadly based index, which is in practice a DP. The uncertainty that
remains in a benchmarked security can be interpreted as its speci¯c market risk,
2also called idiosyncratic or ¯rm speci¯c risk, see Platen & Stahl (2003).
Naturally, DPs play a signi¯cant role in portfolio optimization, see Karatzas &
Shreve (1998). Asymptotic properties of DPs have been studied by BjÄ ork &
NÄ aslund (1998), Hofmann & Platen (2000), Platen (2004c) and Guan, Liu &
Chong (2004). Further interesting results on portfolios that are diversi¯ed over
time, in the context of modern portfolio optimization, can be found in Fernholz
(2002). Here a di®erent notion of diversi¯cation, compared to what will form the
basis of the results in the present paper, is employed.
We consider DPs under the benchmark approach, described in Platen (2002,
2004b). This framework is based on the concept of a growth optimal portfolio
(GOP). The GOP was discovered in Kelly (1956) and is de¯ned as the portfolio
that maximizes expected logarithmic utility from terminal wealth. It appears in a
stream of literature including, for instance, Long (1990), Artzner (1997), Bajeux-
Besnainou & Portait (1997), Karatzas & Shreve (1998), Kramkov & Schacher-
mayer (1999), Becherer (2001), Platen (2002) and Goll & Kallsen (2003). Collec-
tively, these works demonstrate that the GOP plays a natural theoretical role in
derivative pricing, risk management and portfolio optimization. This paper aims
to establish that it is accessible for practical use as well.
In practice, exactly quantifying the GOP using market data is a di±cult task, as
is shown in Long (1990). The estimation of the risk premia, which is necessary
for forming the GOP, appears to be an unrealistic goal since the time period of
historically available ¯nancial data is too short to obtain reliable estimates for
any reasonable con¯dence level. This paper suggests a solution to this problem,
by identifying a robust family of proxies for the GOP. It derives a limit theorem
which states, under realistic assumptions, that for a sequence of benchmark mod-
els, any sequence of DPs approximates the corresponding sequence of GOPs, as
the number of securities in the market increases. Furthermore, this convergence
behavior appears to be largely model independent and subsequently provides an
important robustness property for applications of the benchmark approach.
The paper is structured as follows. Section 2 introduces a sequence of benchmark
models. Section 3 presents the convergence result. An example and applications
are provided in Section 4.
2 Sequence of Benchmark Models
For the modeling of ¯nancial markets we rely on a ¯ltered probability space
(­;AT;A;P) with time horizon T 2 (0;1) and ¯ltration A = (At)t2[0;T], sat-
isfying the usual conditions, see Protter (1990). Continuous uncertainty, which
usually models trading noise, is expressed by independent standard Wiener pro-
cesses W k = fW k
t ; t 2 [0;T]g for k 2 f1;2;:::g. Event driven uncertainty, for
instance the unpredictable default of companies, is modeled by counting processes
3pk = fpk
t; t 2 [0;T]g with corresponding predictable, strictly positive intensity
processes hk = fhk
t; t 2 [0;T]g for k 2 f1;2;:::g. We de¯ne the kth jump
martingale qk = fqk











for t 2 [0;T] and k 2 f1;2;:::g. The jump martingales q1;q2;::: are compen-





t are assumed to be independent of At for all
t 2 [0;T], k 2 f1;2;:::g and " > 0.
In what follows, we consider a sequence of market models indexed by a num-
ber d 2 f1;2;:::g. For a given value of d, the corresponding ¯nancial mar-





d (t); t 2 [0;T]g, which is a riskless primary security account whose
value at time t is given by
S
(0)






for t 2 [0;T], where r = frt; t 2 [0;T]g denotes the adapted short rate process.





d (t); t 2 [0;T]g, j 2 f1;2;:::;dg, each of which contains units of one type of
security with all proceeds reinvested. Typically, these securities are stocks and
corporate bonds.
For ¯xed d 2 f1;2;:::g, we call a predictable stochastic process ± = f±(t) =
(±(0)(t);±(1)(t);:::;±(d)(t)); t 2 [0;T]g a strategy if for each j 2 f0;1;:::;dg the






exists. Here ±(j)(t) is the number of units of the jth primary security account,















d (t); t 2 [0;T]g. Note that
the strategy ± depends on d. However, for simpler notation we suppress this
dependence, unless it is explicitly required.
A strategy ± and the corresponding portfolio S
(±)










4for t 2 [0;T]. This means that all changes in the portfolio value are due to gains
or losses from trade in primary security accounts. We consider in what follows
only self-¯nancing strategies and portfolios and will therefore omit the phrase
\self-¯nancing".





d (t) of the corresponding strictly positive portfolio that is invested
at time t 2 [0;T] in the jth primary security account, j 2 f0;1;:::;dg and
d 2 f1;2;:::g. This proportion or fraction is given by the expression
¼
(j)















± (t) = 1 (2.7)
for t 2 [0;T].
As shown originally in Long (1990) and more generally in Artzner (1997), Bajeux-
Besnainou & Portait (1997), Becherer (2001), Goll & Kallsen (2003) and Platen
(2002, 2004a), for a rather general class of models, there exists a unique strictly




d (t); t 2 [0;T]g, having a distinguishing
property. This property is that any portfolio S
(±)
d (t), when expressed in units of
S
(±¤)
d (t), yields a corresponding benchmarked portfolio ^ S
(±)
d = f^ S
(±)












for t 2 [0;T], which is in our setup an (A;P)-local martingale. We call the
portfolio, the numeraire portfolio S
(±¤)
d or benchmark. As shown in Platen (2004b),
for the given setup this benchmark turns out to be the so called growth optimal
portfolio (GOP). This is the portfolio that maximizes expected logarithmic utility
from terminal wealth.
More precisely, let us ¯x a number m 2 [0;1] and denote by [md] the integer part
of md for d 2 f1;2;:::g. Fix d 2 f1;2;:::g and let j 2 f0;1;:::;dg and k 2
f1;2;:::;[md]+1;[md]+2;:::;dg. Suppose the (j;k)th speci¯c volatility ¾
j;k
d (t)
and the (j;k)th speci¯c jump coe±cient º
j;k
d (t) are given predictable processes


































5a.s. for all t 2 [0;T]. Here K0 < 1 denotes some ¯xed ¯nite constant. For a
complete jump di®usion market model with d + 1 primary security accounts, it
has been shown in Platen (2004b) that a benchmarked portfolio value ^ S
(±)
d (t) at
time t satis¯es a stochastic di®erential equation (SDE) of the type
d^ S
(±)


























for t 2 [0;T] with ^ S
(±)
d (0) > 0.
Let us now use this SDE together with (2.2) as characterization of the so called dth
benchmark model for each d 2 f1;2;:::g. Condition (2.9) ensures the existence of
the stochastic integrals appearing in SDE (2.11). Furthermore, we will see below
that condition (2.10) is necessary to avoid a GOP with in¯nite growth rate, which
would permit some form of arbitrage. Obviously, when m equals one, we have no
jumps. This covers the case discussed in Platen (2002).
By the driftless SDE (2.11) it follows that any nonnegative benchmarked portfolio
is a local martingale, which in turn means that it is a supermartingale, see Ansel
& Stricker (1994). Consequently, a nonnegative portfolio with zero initial capital
generates strictly positive wealth with zero probability. This excludes arbitrage
in the sense discussed in Platen (2004b).
Now, let us identify the portfolio that we have chosen as benchmark. For ¯xed
d 2 f1;2;:::g it follows by relation (2.8), the It^ o formula and equations (2.2) and
(2.11) that the value S
(±¤)
d (t) of the benchmark at time t satis¯es the SDE
dS
(±¤)







































for t 2 [0;T]. Here we assume, for simplicity, that ^ S
(0)
d (t) = 1, so that by (2.8)
and (2.2) we get the initial value S
(±¤)
d (0) = 1 for the benchmark. By using the
SDEs (2.12) and (2.11), it follows from relation (2.8) and the It^ o formula that
the time t value S
(±)
d (t) of a portfolio always satis¯es the SDE
dS
(±)






























































1 for ` = j
0 otherwise
for t 2 [0;T] and ` 2 f0;1;:::;dg, then this SDE is that of the jth primary
security account value S
(j)
d (t). By (2.13) and the It^ o formula, the logarithm of a
strictly positive portfolio satis¯es the SDE
dln(S
(±)














































with portfolio growth rate
g
(±)














































































for all t 2 [0;T]. Note that if condition (2.10) were not assumed, then the argu-
ment of the logarithm in the last line of (2.15) could become zero or could even
be negative. In that case a ¯nite growth rate may not exist for some nonnegative
portfolios.
By using the ¯rst order conditions for determining the optimal proportions which
maximize the portfolio growth rate (2.15), it is straightforward to show that the
benchmark S
(±¤)
d (t) is indeed the portfolio that achieves the maximal growth rate.
Thus, one obtains for ¯xed d 2 f1;2;:::g the inequality
g
(±)







































7for all t 2 [0;T] and all nonnegative portfolios S
(±)
d . This means that the bench-
mark S
(±¤)
d is the GOP, as was indicated previously. Note that the optimal growth
rate g
(±¤)
d (t) in (2.16) is never less than the short rate rt.
Since for ¯xed d 2 f1;2;:::g the above model is the dth benchmark model, we
obtain a sequence of benchmark models, indexed by the parameter d 2 f1;2;:::g.
For such a sequence of rather general ¯nancial market models, we aim in the
following to identify a class of sequences of portfolios that approximate in a useful
sense the given sequence of GOPs.
3 Convergence of Diversi¯ed Portfolios
3.1 Sequences of Diversi¯ed Portfolios
Let us introduce the following notion of a sequence of DPs.
De¯nition 3.1 For a sequence of benchmark models we call a sequence
(S
(±d)
d )d2f1;2;:::g of strictly positive portfolio processes S
(±d)
d a sequence of DPs if
some constants K1;K2 2 (0;1) and K3 2 f1;2;:::g exist, independent of d,













almost surely for all j 2 f0;1;:::;dg and t 2 [0;T].
This means that the proportions ¼
(j)
±d (t) of the value of a DP, which are invested
at time t in the jth primary security account, j 2 f0;1;:::;dg, vanish at a
su±ciently fast rate as d tends to in¯nity. More precisely, the proportions need
to decrease faster than d¡ 1
2. For example, condition (3.1) is satis¯ed by a sequence
of equiproportional portfolios, where ¼
(i)
±d (t) ¼ ¼
(j)
±d (t) for all d 2 f1;2;:::g, t 2
[0;T] and i;j 2 f0;1;:::;dg. Note that equiproportionality is not the only case,
however. For a sequence (S
(±d)
d )d2f1;2;:::g of DPs and a given d 2 f1;2;:::g, the
proportions may vary considerably across the holding of S
(±d)
d . For instance,
they may increase up to a multiple a
d+1 of the average proportion 1
d+1 for some
factor a ¸ 1. Condition (3.1) requires that the proportions in a sequence of
DPs do not di®er by orders of magnitude for any of the elements. Note that the
above de¯nition of a sequence of DPs generalizes the notion of a large diversi¯ed
portfolio, introduced in Hofmann & Platen (2000), for which there must exist














(d + 1)2 (3.2)
8for all d 2 f1;2;:::g, j 2 f0;1;:::;dg and t 2 [0;T]. It also generalizes the
concept of a DP introduced in Platen (2004c) for the case of complete di®usion
market models.
3.2 Regular Sequences of Benchmark Models
Consider the dth benchmark model for ¯xed d 2 f1;2;:::g as an element of a
sequence of benchmark models. Then the jth benchmarked primary security
account process ^ S
(j)
d = f^ S
(j)



































for t 2 [0;T] and j 2 f0;1;:::;dg, by (2.11) and (2.6). The (j;k)th speci¯c
volatility ¾
j;k
d (t) of the benchmarked jth primary security account ^ S
(j)
d (t) mea-
sures the jth speci¯c market risk, see Platen & Stahl (2003), at time t 2 [0;T] with
respect to the kth Wiener process for k 2 f1;2;:::;[md]g and j 2 f0;1;:::;dg.
Similarly, the (j;k)th speci¯c jump coe±cient º
j;k
d (t) re°ects the jth speci¯c mar-
ket risk with respect to the kth jump martingale for k 2 f[md]+1;[md]+2;:::;dg
and j 2 f0;1;:::;dg.
In order to obtain, in a reasonable sense, limits for sequences of DPs, some realistic
conditions must be imposed on a given sequence of benchmark models. Let us
introduce for all t 2 [0;T], d 2 f1;2;:::g and k 2 f1;2;:::;dg the kth total














d (t)j for k 2 f[md] + 1;[md] + 2;:::;dg:
(3.5)
Depending on the value of k, this quantity is the sum of the absolute values of
the speci¯c volatilities with respect to the kth Wiener process, or of the speci¯c
jump coe±cients with respect to the kth jump martingale.
De¯nition 3.2 A sequence of benchmark models is called regular if there exists








for all t 2 [0;T], d 2 f1;2;:::g and k 2 f1;2;:::;dg.
9Condition (3.6) expresses the property that, for a regular sequence of benchmark
models, each of the independent sources of uncertainty in°uences only a restricted
range of benchmarked primary security accounts, see (3.3) and (3.4). This con-
dition appears to be satis¯ed by the global stock market and will be empirically
documented in forthcoming work.
3.3 Sequence of Approximate GOPs
For several practical applications, under the aforementioned benchmark approach,
it is important to identify the GOP quantitatively. To determine the GOP-
proportions exactly one needs to model and accurately estimate the risk premia,
volatilities, jump coe±cients and jump intensities. This is a di±cult, if not im-
possible, statistical task, even if one assumes constant values for these quantities.
In particular, the length of the observation period of available ¯nancial data ap-
pears to be too short to provide any reliable estimate for risk premia under any
reasonable model. It seems that one faces a serious dilemma when trying to quan-
tify the GOP in practice, as attempted, for instance, in Long (1990). However,
the limit theorem that will be established next will assist in circumventing these
di±culties.
For given d 2 f1;2;:::g let us consider a strictly positive portfolio process S
(±)
d
with strategy ± = f±(t) = (±(0)(t);±(1)(t);:::;±(d)(t)), t 2 [0;T]g. We introduce
the tracking rate R
(±)




































d (t) = ^ S
(±)
d (0) (3.8)
a.s. if and only if
R
(±)
d (t) = 0 (3.9)
a.s. for all t 2 [0;T]. Now, in the case of a constant benchmarked portfolio ^ S
(±)
d ,
as characterized by (3.8), the portfolio S
(±)
d needs to equal, by relation (2.8), a
constant multiple of the GOP, that is
S
(±)





a.s. for all t 2 [0;T].
A given portfolio process S(±) can be expected to move in synchronism with the
GOP, if the tracking rate R
(±)
d (t) remains small for all t 2 [0;T] in an appropriate
sense that is de¯ned below. Let us formalize this observation.
10De¯nition 3.3 For a sequence of benchmark models we call a sequence
(S
(±)
d )d2f1;2;:::g of strictly positive portfolio processes a sequence of approximate
GOPs if for all t 2 [0;T] the corresponding sequence of tracking rates vanishes in







d (t) > "
´
= 0 (3.11)
for all t 2 [0;T].
Above we used the notion of convergence in probability. To obtain a moment-
based su±cient condition for the identi¯cation of a sequence of approximate
GOPs, we introduce, for any given d 2 f1;2;:::g and strictly positive portfo-
lio process S
(±)
d , the expected tracking rate
e
(±)







at time t 2 [0;T]. This leads to the following de¯nition.
De¯nition 3.4 For a sequence of benchmark models, a sequence (S
(±)
d )d2f1;2;:::g
of strictly positive portfolio processes is said to have vanishing expected tracking





d (t) = 0 (3.13)
for all t 2 [0;T].
Using De¯nition 3.4 and the Markov inequality, we obtain for given " > 0 and
any sequence (S
(±)
d )d2f1;2;:::g of strictly positive portfolios with vanishing expected















d (t) = 0 (3.14)
for all t 2 [0;T]. Therefore, by De¯nition 3.3 and inequality (3.14) we obtain the
following result directly.
Lemma 3.5 For a sequence of benchmark models, any sequence of strictly pos-
itive portfolios with vanishing expected tracking rate is a sequence of approximate
GOPs.
By using De¯nitions 3.1 and 3.2 this result allows us then to prove in a straight-
forward manner the following useful limit theorem.
11Theorem 3.6 For a regular sequence of benchmark models, any sequence
(S
(±)
d )d2f1;2;:::g of DPs is a sequence of approximate GOPs. Moreover, for any









Here the constants K1;K2;K3 and K5 are the same as in De¯nitions 3.1 and 3.2.
Proof: At ¯rst, let us estimate, for a given sequence (S
(±)
d )d2f1;2;:::g of DPs and
for ¯xed d 2 fK3;K3 + 1;:::g, the expected tracking rate e
(±)
d (t) for S
(±)
d (t), see


















































for all t 2 [0;T]. This estimate yields, by application of (3.6), the relation (3.15)
in the above theorem. Consequently, since by De¯nition 3.1 we have K1 > 0, the
expected tracking rate vanishes as d ! 1 for all t 2 [0;T]. Thus, by Lemma
3.5, a sequence of DPs is a sequence of approximate GOPs for any given regular
sequence of benchmark models.
4 Applications Involving Approximate GOPs
4.1 A Black-Scholes Benchmark Model
To illustrate the above limit theorem we consider, for simplicity, the following
Black-Scholes type benchmark model without jumps. It is obtained by setting
m = 1 and by choosing a constant short rate, rt = r for all t 2 [0;T], as well
as constant volatilities. Furthermore, for d 2 f1;2;:::g we specify the speci¯c
volatilities such that the jth primary security account satis¯es the SDE
dS
(j)

























12for t 2 [0;T], j 2 f1;2;:::;dg and with ¾ > 0, according to (2.13). In this








d for j = 0
0 for j 6= k
¡¾ for j = k > 1
(4.2)
for j 2 f0;1;:::;dg and k 2 f1;2;:::;dg. This yields a market price for risk
¾
0;k
d (t) = ¾ p
d with respect to the kth Wiener process for t 2 [0;T] and k 2




t is common to all
stocks and therefore models the general market risk. Below we will see that
this is the noise of the GOP. The remaining noise term in (4.1), namely ¾dW
j
t ,
generates the speci¯c market risk of the jth primary security account. For the
volatility structure of the above example, the proportions of the GOP can easily






















for t 2 [0;T]. Recall that the GOP satis¯es the SDE (2.12) with market prices
for risk ¾
0;k
d (t) given in (4.2) for j = 0, that is,
dS
(±¤)


















for t 2 [0;T]. To visualize certain properties of the given sequence of Black-
Scholes benchmark models, we simulate the securities of a market with d = 50
risky primary security accounts S
(j)
d , j 2 f1;2;:::;dg, over a period of T = 20
years. Here we choose the volatility parameter ¾ = 0:15, the initial values
S
(j)
d (0) = 1 for all j 2 f1;2;:::;50g and use as constant short rate r = 0:05.
Figure 1 shows, by using the explicit solution of a Black-Scholes model, the sim-
ulated sample paths of the ¯rst twenty risky primary security account processes.
The corresponding simulated GOP is shown in Figure 2. It follows from (3.6) and
(4.2) that the kth total speci¯c generalized volatility ^ ¾k
d(t) = ¾ p
d+¾ · 2¾ < 1 is
bounded. Therefore, by De¯nition 3.2 it follows that the given sequence of bench-
mark models is regular and Theorem 3.6 can be applied. This means that for the
given regular sequence of Black-Scholes benchmark models, any sequence of DPs
is a sequence of approximate GOPs. Below we will give examples of sequences of
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time
Figure 1: Simulated primary security accounts.
4.2 Examples of Sequences of Approximate GOPs
In what follows, we discuss some sequences of approximate GOPs. At ¯rst, we
consider for d 2 f1;2;:::g the equal weighted index (EWI), which is the portfolio
with value S
(±)
d (t) at time t that keeps equal proportions of its value in each of







for all t 2 [0;T] and j 2 f0;1;:::;dg. This means that the holdings of the EWI
are continuously reallocated, such that, at all times an equal proportion of the
wealth is invested in each primary security account. This simple, theoretically
important index is sometimes also called the equal value or value line index. Its
return is the arithmetic average of the returns of the underlying securities. Let
us consider the EWI for the above sequence of Black-Scholes benchmark models.
In this case the tracking rate of the EWI can be computed directly. According






























for each d 2 f1;2;:::g, for this example. Obviously, condition (3.13) is satis¯ed
and we have a vanishing expected tracking rate. Therefore, according to Lemma
3.5, the sequence of EWIs forms a sequence of approximate GOPs.














Figure 2: Simulated GOP and EWI ford = 50.
One notes that both portfolios behave in a very similar manner, as is suggested
by the theoretical estimate (4.7) for the tracking rate. Such an e®ect can already
be observed for relatively small d. The di®erences between the portfolios are in
fact di±cult to detect by visual inspection if one chooses d signi¯cantly larger
than 50.
Another possible candidate for an approximate GOP is a diversi¯ed accumulation
index. To establish that a sequence of diversi¯ed accumulation indices forms a
sequence of approximate GOPs, one needs to prove that the underlying portfolios
have a vanishing tracking rate and that the given sequence of benchmark models
is regular. An illustrative example of an accumulation index is given in Figure 3














Figure 3: Simulated diversi¯ed accumulation index and GOP.
15primary security account trajectories that were previously simulated and holds
one unit of each primary security account for the entire period. In this case,
the proportions of the portfolio value invested in each security are continuously
changing. Figure 3 demonstrates that this accumulation index also provides a
satisfactory approximation of the GOP, for our example.
Another obvious candidate for an approximate GOP is presented by the market
portfolio, which is an accumulation index that is weighted according to the market
capitalization of stocks. If the proportions of the market portfolio are small so
that it can be interpreted as a DP, which is indeed the case for the global stock
market, then the market portfolio can also be interpreted as approximate GOP.
In Breymann, Kelly & Platen (2004) it has been found empirically, by using
intraday data, that for the global stock market the intraday market capitalization
weighted world stock index is an extremely good approximation of the GOP, when
compared to the EWI and a GDP weighted stock index. The di®erences between
the considered indices are minor and for practical purposes may often be ignored.
This underlines the robustness of approximate GOPs that is provided through
the limit theorem.
4.3 Fair Pricing
Assuming that the global stock market forms a sequence of regular benchmark
models, a proxy for the GOP of the world stock market is given by the MSCI
Growth Stock Index (MSCI) with dividends reinvested. In Figure 4 we plot the
MSCI. We show subsequently how to price derivatives by using the MSCI as a
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Figure 4: MSCI Growth Stock Index.
F or given d 2 f1;2;:::g and any portfolio S
(±)
d , we have introduced in (2.8) its








d (t) at time t 2 [0;T], which satis¯es the driftless
SDE (2.11) and is therefore an (A;P)-local martingale. Figure 5 displays the
benchmarked primary security accounts for our previous Black-Scholes example,
corresponding to the scenario shown in Figure 1. Inspection of Figure 5 indicates
that there are no obvious up or downward trends for these benchmarked securities.
This is consistent with the fact that for the given Black-Scholes benchmark model
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Figure 5: Simulated benchmarked primary security accounts.
As mentioned in Section 2, it follows that any nonnegative benchmarked portfolio
is an (A;P)-supermartingale. Examples for models, where strict supermartin-
gales arise, are given in Platen (2002) and Heath & Platen (2002, 2003).
The class of benchmark models discussed is more general than the class of models
admitted under the standard risk neutral approach. The main di®erence is that a
benchmark model does not rely on benchmarked securities being true martingales.
It therefore does not assume the existence of an equivalent risk neutral martingale
measure. When interpreting the MSCI as GOP via Theorem 3.6, the inverse of its
discounted value then expresses the Radon-Nikodym derivative of the candidate
risk neutral measure, see (4.12) below. As demonstrated in Platen (2004c), the
Radon-Nikodym derivative process seems in reality to be a strict supermartingale.
This appears to call into question the application of the standard risk neutral
approach for long dated derivatives.
To permit the consistent valuation of contingent claims in this rather general
setup, the fair pricing concept has been proposed in Platen (2002). As in Long
(1990), it uses the GOP as numeraire portfolio, but does not assume the existence
of an equivalent risk neutral martingale measure. Following these lines, we call a
price process fair if its benchmarked value forms an (A;P)-martingale, see Platen
(2002). This means that the time t benchmarked value ^ S
(±)
d (t) of a fair portfolio
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d satis¯es the martingale property
^ S
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for all stopping times ¿ 2 [0;T] and with t 2 [0;¿]. Thus by (2.8) we get
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with ¿ and t as above.









which pays the amount H¿ in domestic currency at some stopping time ¿. For
this contingent claim the corresponding fair price UH¿(t) at time t 2 [0;¿] follows















which is derived from (4.9). The fair pricing formula (4.11) is therefore equivalent





t 2 [0;¿]g is by de¯nition an (A;P)-martingale. We mentioned above the su-
permartingale property of benchmarked portfolios. Therefore, a fair portfolio
provides the minimal price that permits the replication of a given contingent
claim in the given benchmark model, which can be shown to be complete, see
Platen (2004b).
Theorem 3.6 states that sequences of DPs are sequences of approximate GOPs
if the given sequence of benchmark models is regular. By using an approximate
GOP, such as the MSCI, which has been properly modeled and calibrated, one
can compute the expectation of a future benchmarked contingent claim and can
thus obtain directly its benchmarked fair price. According to the fair pricing
formula (4.11), the benchmarked fair price is converted into units of the domestic
currency by multiplying it with the actual value of the approximate GOP. This
provides a simple, practicable and robust pricing methodology, which does not
rely on any measure transformation. It can also be applied to the pricing of
real options and hybrid payo® structures in insurance and ¯nance and does not
depend on market completeness in any crucial way.
4.4 Risk Neutral and Actuarial Pricing
We show below that the benchmark framework introduced above, with the con-
cept of fair pricing, generalizes both standard risk neutral pricing and actuarial
18pricing. For given d 2 f1;2;:::g in a corresponding benchmark model a candidate

















for t 2 [0;T], where S
(0)
d is the savings account process and ¤ = f¤t; t 2 [0;T]g is
essentially the benchmarked savings account. If the Radon-Nikodym derivative
process ¤ = f¤t; t 2 [0;T]g is an (A;P)-martingale and the measures P and Q




























































for t 2 [0;¿]. Here EQ denotes expectation with respect to Q. With the last
equation in (4.13) we derived the well-known standard risk neutral pricing for-
mula. One needs to emphasize that the benchmark approach, with its fair pricing
concept, does not require the existence of such an equivalent risk neutral mar-
tingale measure Q. Fair derivative prices can always be computed as conditional
expectations under the real world probability measure. This also means that it
is possible to choose from a wider range of models than what is available under
the standard risk neutral framework. As shown in Platen (2001, 2002), Heath
& Platen (2002, 2003) and Breymann, Kelly & Platen (2004) the extra freedom
gained is crucial for establishing classes of parsimonious ¯nancial market models
that appear to work well in practice.
With respect to insurance applications, note that in the case when the contingent
claim H¿ is independent from the GOP S
(±¤)
d (¿), the fair pricing formula (4.11)























at time t 2 [0;¿]. Thus, the fair pricing concept generalizes not only the standard
risk neutral pricing approach, but also the classical actuarial pricing approach for
the case when the contingent claim is independent of the benchmark.
19Let us brie°y emphasize that Value at Risk calculations, derivative pricing, port-
folio optimization, calibration, statistical estimation, ¯ltering and other risk man-
agement tasks can be performed under the benchmark approach by using an
approximate GOP as benchmark. Most importantly, there is only one proba-
bility measure to be used, which is simply the real world probability measure.
The benchmark is chosen to be the investment portfolio whose logarithm almost
surely achieves the maximum long term performance. It therefore plays a central
role in fund management and investment.
The benchmark approach introduced above also provides a basis for integrated
risk management, thereby allowing consistent valuation of risk measures and con-
tingent claims, as well as facilitating hedging and portfolio optimization. Its prac-
tical application hinges on the monitoring and calibration of the GOP. This is
made feasible by the above limit theorem, which establishes a robustness property
for a sequence of ¯nancial markets, under a realistic regulatory condition. This
robustness allows us to employ a wide choice of sequences of approximate GOPs.
Any broadly based index with proportions that are small enough, see (3.1), is,
when assuming a regular sequence of benchmark models, an acceptable proxy for
the GOP. Note that, for instance, the characterization of the EWI, which uses
equal weights, is not model dependent. We emphasize that, without relying on
any particular model dynamics, the limit theorem identi¯es DPs as approximate
GOPs in a regular sequence of benchmark models.
Conclusion
The growth optimal portfolio is of theoretical and practical interest in various
areas of ¯nance, including portfolio optimization, derivative pricing and risk man-
agement. It has been demonstrated that diversi¯ed portfolios approximate the
growth optimal portfolio, for su±ciently regular market models, as the number
of securities increases. Under realistic conditions, approximate growth optimal
portfolios, which do not depend on any particular model dynamics, can be con-
structed. The market capitalization weighted world stock index seems to be a
natural candidate for a good proxy for the GOP. This index can be conveniently
used for pricing, asset allocation and risk measurement under the benchmark
approach, where the index is taken as benchmark.
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